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We study the factorization and resummation of t-channel top quark transverse momentum
distribution at large pT in the SM at both the Tevatron and the LHC with soft-collinear
effective theory. The cross section in the threshold region can be factorized into a convolution
of hard, jet and soft functions. In particular, we first calculate the NLO soft functions for
this process, and give a RG improved cross section by evolving the different functions to
a common scale. Our results show that the resummation effects increase the NLO results
by about 9% ∼ 13% and 4% ∼ 9% when the top quark pT is larger than 50 and 70 GeV
at the Tevatron and the 8 TeV LHC, respectively. Also, we discuss the scale independence
of the cross section analytically, and show how to choose the proper scales at which the
perturbative expansion can converge fast.
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2I. INTRODUCTION
The top quark is the heaviest particle so far discovered, with a mass close to the electroweak
symmetry breaking scale, and closely related to various extensions of the standard model (SM).
Thus, it provides an effective probe for the electroweak symmetry breaking mechanism and a test
for the predictions of the SM through its production or decay.
The production of the single top provides a good opportunity to study the charged weak current
interactions of the top quark, e.g., the structure of the Wtb vertex [1]. Besides, it is an important
background in many new physics searches at hadron colliders. However, due to the difficulties in
discriminating its signature from the large background, it has taken a long time after the discovery
of the top quark for the D0 [2] and CDF [3] collaborations at the Tevatron to observe the single
top production. Recently, the ATLAS and CMS collaborations at the LHC have also measured the
cross section of the single top production at low integrated luminosities [4, 5].
Among the three production modes at hadron colliders, the t-channel is especially important
because of its largest cross section at both the Tevatron and the LHC. This process has been
extensively studied, including the next-to-leading order (NLO) QCD corrections based on the 2 →
2 leading order (LO) process, called the five-flavor (5F) scheme [6–13]. It has been shown that the
NLO corrections increase the LO cross section by about 9% and 5% at the Tevatron and LHC,
respectively. In Ref. [14], the NLO calculation of the t-channel production based on the 2 →
3 LO process, called the four-flavor (4F) scheme, was presented, which shows that the inclusive
cross section in the 4F scheme is smaller than in the 5F scheme while the uncertainty in the 4F
scheme is larger than in 5F scheme. This is due to the fact that in the 5F scheme, the large
logarithm of the form log(Q2/m2b), due to the initial bottom quark, is resummed into the bottom
quark parton distribution functions (PDFs) and thus the scale dependence is significantly reduced.
Besides, in the 5F scheme, the parton shower Monte Carlo simulation for the t-channel single
top production was studied [15–17], and the threshold resummation for this process is carried out
with the conventional resummation method [18–20], where the partial next-to-next-to-next-to-
leading order results are obtained by expanding the resummed cross sections to avoid the infrared
singularities and ambiguities from prescription dependence.
In this work, we investigate the resummation of the t-channel single top production in the 5F
scheme using soft-collinear effective theory (SCET) [21–25]. SCET is developed to describe the
behavior of the QCD interactions in collinear and soft regions with the short distance information
encoded in the Wilson coefficients. It is very suitable to deal with the scattering processes with
3multiple scales. In the past ten years, SCET has proved very useful in high energy hard scattering
processes. In general, these processes can be divided into two kinds, i.e., the timelike and spacelike.
The timelike processes produce a timelike particle in the intermediate or final state, including Drell-
Yan production [26–29], Higgs boson production [27, 30–34], e+e− annihilation to hadrons [35–39],
color-octet scalar production [40], direct top quark production via FCNC coupling [41], and s-
channel single top production [42]. The spacelike processes involve a spacelike particle in the
intermediate state, such as deep-inelastic scattering [25, 43–45], direct photon production [46] and
W (Z) boson production at large transverse momentum pT [47]. Note that some processes are a
mix of these two kinds, e.g., the top quark pair production [48–50].
The threshold region can be easily defined for the timelike processes. It is usually defined as
the limit z = m2/s → 1, where m is the invariant mass of the time-like particle and s is the
square of the center-of-mass energy. For the spacelike processes, the threshold region is a little
more subtle. The threshold region for the deep-inelastic scattering process is given by the Bjorken
scaling variable x → 1. For the direct photon production and W (Z) boson production at large
pT , the threshold region is approached when S4 = M
2 → 0, where M is the mass of everything
in the final state except the photon (W or Z). The t-channel single top production is a spacelike
process involving four colored external particles. We define the threshold region as S4 = P
2
X → 0,
similar to the case of W or Z production at large pT , where P
2
X represents the mass squared of
everything in the final state except the top quark. In this threshold region, the cross section can
be factorized as
σ = H ⊗ J ⊗ S ⊗ fPa ⊗ fPb , (1)
where H,J,S, fP are the hard function, jet function, soft function and PDF, respectively. The
hard function incorporates the short distance contributions arising from virtual corrections. The
jet function describes all collinear interactions inside the outgoing jet. The soft gluon effects coming
from all colored particles are contained in the soft function. The PDF denotes the probability of
finding a particular parton in the proton.
The final states of the t-channel single top production at hadron colliders consist of a single
top quark and a jet at the LO. Additional soft gluons can be emitted from the colored initial
and final state particles, and collinear gluons can be emitted in the jet. These contributions are
of higher orders in αs, but can be large in the threshold region. Besides, the hard part of this
process receives a large correction since the usually chosen renormalization scale and the typical
transferred momentum are mt and Q =
√
−tˆ, respectively, which yield a large logarithm of the
4form ln(m2t /Q
2). Therefore, it is necessary to resum all of these large logarithm to all orders. In
the SCET approach, the different scales in a process can be separated because the soft and collinear
degrees are decoupled by the redefinition of the fields [24]. At each scale, one only needs to deal with
the relevant degrees of freedom. In this way, reliable perturbative expansions can be achieved easily,
and the dependencies of the final results on the scales are well controlled by the renormalization
group (RG) equations. As a result, the singular terms in the hard, jet and soft functions can be
resummed conveniently. Furthermore, in numerical calculations, we find that for top quark pT >
50 GeV, the singular terms approximate the fixed-order calculations well, but for pT < 50 GeV, the
singular terms do not dominate over the NLO corrections. This is understood because in the larger
pT region, the phase space for the additional emitted gluon is more constrained so that the main
contribution comes from the soft gluon effects. Thus, we need to know an improved resummation
prediction on the top quark transverse momentum distribution in the region of large pT , instead of
the total cross section. Such a t-channel top quark transverse momentum distribution is actually
an observable which can be compared directly with the experimental results 1, and is an important
background in searching for new physics. For example, if there is an extra gauge boson W ′ with a
mass around 1 TeV and the standard-model-like couplings, it is better to search this gauge boson
in the tb¯ final states than the two light jets final states because of the large dijet background from
QCD processes. Moreover, one should concentrate on the events with large top quark pT since the
top quark from the decay of W ′ usually has a large momentum. In this case, a precise knowledge
of the t-channel top quark transverse momentum distribution at large pT in the SM is necessary.
This paper is organized as follows. In Sec. II, we give a brief introduction to SCET. In Sec. III,
we analyze the kinematics of the t-channel single top production process and give the definition
of the threshold region. In Sec. IV, we present the factorization and resummation formalism for
the t-channel single top production in momentum space. In Sec. V, we calculate the hard and
soft functions at NLO. Then, we study the scale independence of the final result analytically. In
Sec. VI, we discuss the numerical results for t-channel top quark transverse momentum distribution
at the Tevatron and the LHC. We conclude in Sec. VII.
1 We have discussed this with the ATLAS and D0 experimentalists by email. They plan to provide such differential
distributions in an update of the cross section measurement.
5II. BRIEF INTRODUCTION TO SCET
To describe collinear fields in SCET, it is convenient to define a lightlike vector nµ = (1,n),n
2 =
1. Any four-vector can be light-cone decomposed with respect to nµ and n¯µ = (1,−n) as
lµ = l−
nµ
2
+ l+
n¯µ
2
+ lµn⊥, (2)
with l+ = n·l and l− = n¯·l. The momentum of a collinear particle moving along the nµ direction
has the following scaling
pµ = (p+, p−, pn⊥) ∼ (λ2, 1, λ), (3)
while for a soft particle, the momentum scales as
q ∼ (λ2, λ2, λ2), (4)
where λ ≪ 1 is a small expansion parameter in SCET. For example, for an energetic jet with
invariant mass mJ and energy EJ , λ = mJ/EJ . From the momentum scaling, one can see that the
interaction between collinear fields of different directions ni and nj with ni ·nj ≫ λ2 will inevitably
change the momentum scaling; thus it is forbidden in SCET, but can be included as an external
current in our computation. The soft fields, on the other hand, can interact with any collinear field
without changing the scaling.
In SCET, the n-collinear quark ψn and gluon field A
µ
n can be written as
χn(x) = W
†
n(x)ξn(x), ξn(x) =
n/n¯/
4
ψn(x),
Aµn⊥(x) =
[
W †niD
µ
n⊥Wn(x)
]
, (5)
where
iDµn⊥ = Pµn⊥ + gsAµn⊥ (6)
is the collinear covariant derivative and the label operator P is defined to project out the large
momentum component of the collinear field, e.g., Pµnξn = p¯µξn. Here we have split p into a sum of
large label momentum and small residue momentum,
pµ = p¯µ + kµ, with p¯µ = p−
nµ
2
+ pµn⊥. (7)
The n-collinear Wilson line,
Wn(x) = P exp
(
igs
∫ 0
−∞
ds n¯·Aan(x+ sn¯)ta
)
, (8)
6which describes the emission of arbitrary n-collinear gluons from an n-collinear quark or gluon, is
constructed to make the collinear fields as defined in Eq. (5) invariant under the collinear gauge
transformation. The operator P is the path-ordered operator acting on the color generator ta.
At the LO in λ, only the n·As component of soft gluons can interact with the n-collinear field.
Such interaction is eikonal and can be removed by a field redefinition [24]:
χn(x) → Yn(x−)χn(x),
Aµn⊥(x) → Yn(x−)Aµn⊥(x)Y †n (x−), (9)
where
Yn(x) = P exp
(
igs
∫ 0
−∞
ds n·Aas(x+ sn)ta
)
(10)
for an incoming Wilson line [24, 51]. And for an outgoing Wilson line, it is defined as
Y˜n(x) = P exp
(
−igs
∫ ∞
0
ds n·Aas(x+ sn)ta
)
. (11)
The soft gluon fields are multipole-expanded around x− to maintain a consistent power counting in
λ. For the interaction between the soft gluon fields and massive quark fields, there exists a similar
timelike Wilson line [52], for example,
Yv(x) = P exp
(
igs
∫ 0
−∞
ds v ·Aas(x+ sv)ta
)
. (12)
After the field redefinition, the LO SCET Lagrangian is factorized into a sum of different collinear
sectors and a soft sector, which do not interact with each other:
LSCET =
∑
ni
L(0)ni + Ls + · · · . (13)
The decoupling of soft gluons from collinear fields is crucial for deriving the factorization formula.
III. ANALYSIS OF KINEMATICS
In this section, we introduce the relevant kinematical variables needed in our analysis. As an
example, we consider the subprocess
u(pa) + b(pa)→ t(q) +X, (14)
whose Feynman diagram is shown in Fig. 1. First of all, we define two lightlike vectors along the
beam directions, na and nb, which are related by na = n¯b. Then we introduce initial collinear fields
7W
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FIG. 1: The Feynman diagram for the subprocess ub→ dt.
along na and nb to describe the collinear particles in the beam directions. In the center-of-mass
frame of the hadronic collision, the momenta of the incoming hadrons can be written as
Pµa = ECM
nµa
2
, Pµb = ECM
nµb
2
. (15)
Here ECM is the center-of-mass energy of the collider and we have neglected the masses of the
hadrons. The momenta of the incoming partons, with a light-cone momentum fraction of the
hadronic momentum, are
pa = xaECM
nµa
2
, pb = xbECM
nµb
2
. (16)
At the hadronic and partonic levels, the momentum conservation means
Pa + Pb = q + PX , (17)
and
pa + pb = q + pX , (18)
respectively, where q is the momentum of the top quark. We define the partonic jet with momentum
pX , which represents the set of all final state partons except the top quark in the partonic processes,
while the hadronic jet with momentum PX contains all the hadrons as well as the beam remnants
in the final state, except the top quark. Explicitly, pX = p1 + k, where p1 is the momentum of the
final state collinear partons forming the jet and k is the momentum of the soft radiations. Such
division of momentum is artificial and we have to integrate over the soft momentum to obtain a
physical observable.
We also define the Mandelstam variables as
s = (Pa + Pb)
2, u = (Pa − q)2, t = (Pb − q)2 (19)
for hadrons, and
sˆ = (pa + pb)
2, uˆ = (pa − q)2, tˆ = (pb − q)2 (20)
8for partons, respectively. In terms of the Mandelstam variables, the hadronic and partonic threshold
variables are defined as
S4 ≡ P 2X = s+ t+ u−m2t , (21)
s4 ≡ p2X = sˆ+ tˆ+ uˆ−m2t , (22)
where mt is the mass of top quark. The hadronic threshold limit is defined as S4 → 0 [53]. In
this limit, the final state radiations and beam remnants are highly suppressed, which leads to final
states consisting of a top quark and a narrow jet, as well as the remaining soft radiations. Taking
this limit requires xa → 1, xb → 1, s4 → 0 simultaneously. In this limit, we get
S4 = s4 + sˆ(
1
xaxb
− 1) + (tˆ−m2t )(
1
xb
− 1) + (uˆ−m2t )(
1
xa
− 1)
≈ s4 + sˆ(x¯a + x¯b) + (tˆ−m2t )x¯b + (uˆ−m2t )x¯a
≈ s4 + (−tˆ)x¯a + (−uˆ)x¯b, (23)
where x¯a,b = 1− xa,b. This expression can help to check the factorization scale invariance which is
shown with more detail in the following. The hadronic threshold enforces the partonic threshold.
However, the reverse is not true. The partonic threshold s4 → 0 does not forbid a significant
amount of beam remnants. We note that in both hadronic and partonic threshold limits, the top
quark is not forced to be produced at rest; i.e. it can have a large momentum. For later convenience,
we can also write the threshold variable as
s4 = p
2
X = (pa + pb − q)2 = p21 + 2k+E1 +O(k2), (24)
where k+ = n1 ·k, k is the sum of the momenta of soft radiations; E1 is the energy of the quark
jet and n1 is the lightlike vector associated with the jet direction. In the threshold limit (s4 →
0), incomplete cancellation between real and virtual corrections leads to singular distributions
αns [ln
m(s4/m
2
t )/s4]+, with m ≤ 2n−1. It is the purpose of threshold resummation to sum up these
contributions to all orders in perturbation theory.
The inclusive total cross section of the t-channel single top production can be written as
σ =
∫
dxa
∫
dxb
∫
dtˆ
∫
duˆfi/Pa(µF , xa)fj/Pb(µF , xb)
1
2sˆ
dσˆij
dtˆduˆ
=
∫ p2T,max
0
dp2T
∫ ymax
−ymax
dy
∫ 1
xb,min
dxb
∫ smax4
0
ds4
1
2(xbs+ u−m2t )
fi/Pa(µF , xa)fj/Pb(µF , xb)
dσˆij
dtˆduˆ
,
(25)
9where we have changed the integration variables to be the top quark transverse momentum squared
p2T , rapidity y, xb and s4. The regions of the integration variables are limited by
p2T,max =
(s−m2t )2
4s
,
ymax =
1
2
ln
1 +
√
1− sq
1−√1− sq , with sq =
4s(p2T +m
2
t )
(s+m2t )
2
,
xb,min =
−u
s+ t−m2t
,
smax4 = xb(s+ t−m2t ) + u, (26)
with
t = m2t −
√
s
√
p2T +m
2
t e
y
u = m2t −
√
s
√
p2T +m
2
t e
−y. (27)
The other kinematical variables can be expressed in terms of these four integration variables.
IV. FACTORIZATION AND RESUMMATION FORMALISM
To derive a factorization formula for the t-channel single top production in SCET, we first have
to match the full QCD onto the effective theory. In this section, we follow the convention and
formalism in [54, 55], where the matching is performed in momentum space. The relevant operator
in QCD responsible for the t-channel single top production is
O(x) = (d¯γµPLut¯γµPLb)(x), (28)
where we have adopted the Feynman gauge for the W boson propagator. This operator contains
three massless quarks, which can be described by collinear quarks in SCET, and a massive quark,
which can be described by heavy quark effective theory [56]. The presence of three different
directions and a massive quark is a feature of single top production at hadron colliders. The
operator O(p), which is the Fourier transform of O(x), can be written in terms of the momentum-
space SCET fields in the threshold region as
O(p) =
∫
d4pa
(2π)4
d4pb
(2π)4
d4p1
(2π)4
d4p2
(2π)4
d4ks
(2π)4
CI(pa, pb; p1, p2)
×Oin(pa, pb)Oout(p1, p2)OS,I(ks)(2π)4δ(4)(p− pa − pb + p1 + p2 + ks), (29)
where the operator Oin(pa, pb) is responsible for annihilating the initial u and b quarks with mo-
menta pa and pb, respectively, or explicitly,
Ocdαβ,in = χcα(pa)χdβ(pb), (30)
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and Oout(p1, p2) is responsible for creating the final d and t quarks with momenta p1 and p2,
respectively, or explicitly,
Oefγδ,out = χ¯fδ (p1)h¯eγ,v(p2). (31)
Note that we have described the top quark in terms of the heavy quark effective field with a label
velocity v [56]. Since there are two fermion lines in this process, either of which connects an
initial and a final states, we indicate them with the Lorentz (α, β, γ, δ) and color indices (c, d, e, f)
explicitly, and retain only quark fields in the operators for simplicity, leaving the other structure
in the matching coefficient CI , which is at the LO level
Cδα,γβI = i
g2VudVtb
8(tˆ −M2W )
(γµ(1− γ5))δα(γµ(1− γ5))γβδI1. (32)
Here, the electroweak coupling is defined by g2 = 8GFM
2
W /
√
2 where GF is the Fermi constant. Vij
is the CKM matrix element and MW is the mass of the W boson. δI1 denotes the color structure
of the t-channel single top production at LO in the singlet-octet basis
|c1〉 = δfcδed, |c2〉 = (ta)fc(ta)ed, (33)
where ta is the generator of the gauge group SU(3)c, satisfying
tr[tatb] =
1
2
δab. (34)
I = 1 or 2 is an index in this color space. In Eq. (29), we can separate the soft gluon field from
collinear or massive fields because of the field redefinition in Eq. (9).
The soft operatorsOS,I , which are responsible for the soft interactions between different collinear
sectors and the top quark, are expressed as
OfcedS,1 (ks) =
∫
d4xe−iks·xT
[(
Y˜ †n1(x)Yna(x)
)fc (
Y˜ †v (x)Ynb(x)
)ed]
,
OfcedS,2 (ks) =
∫
d4xe−iks·xT
[(
Y˜ †n1(x)t
aYna(x)
)fc (
Y˜ †v (x)t
aYnb(x)
)ed]
, (35)
where the time-ordering operator T is required to ensure the proper ordering of soft gluon fields
in the soft Wilson line.
The total cross section for t-channel single top production in the threshold region can be written
11
as
σ =
1
2s
∑
X
〈I|O†x(0)|X〉〈X|Ox(0)|I〉(2π)4δ4(Pa + Pb − q − PX)
=
1
2s
∑
X
∫
d4x〈I|O†x(x)|X〉〈X|Ox(0)|I〉
=
1
2s
∑
X
∫
d4x
∫
d4k
(2π)4
e−ik·x
∫
d4p
(2π)4
〈I|O†(k)|X〉〈X|O(p)|I〉
=
1
2s
∑
X
∫
d4p
(2π)4
〈I|O†(0)|X〉〈X|O(p)|I〉, (36)
where |I〉 = |PaPb〉 denotes the initial state protons (antiprotons). Here we distinguish the position
space operator from the momentum space one by a subscript x. The restriction on the sum over
final states |X〉 is that the final state configuration consists only of a top quark jet whose 3-
momentum is in the direction of n¯1, a d-quark jet in the direction of n1, and soft radiations. This
is the configuration that is relevant to threshold resummation and that we are interested in. Under
this condition the final state can be written as |X〉 = |XtX1Xs〉, where |Xt〉, |X1〉 and |Xs〉 denote
the top quark jet, the d-quark jet and the remaining soft radiations, respectively. In the second
line of Eq. (36), we have used the momentum conservation delta function to shift the operator O†x
to point x, and in the third line we have written the operators in momentum space, which are
matched onto SCET operators.
Using the notation Φ2 = {pa, pb; p1, p2} to express a phase space point [54] with dΦ2 =
d4pad
4pbd
4p1d
4p2/(2π)
16 and Φ2− ks = pa + pb− p1 − p2 − ks, we can write Eq. (36) in a compact
form
σ =
1
2s
∑
X
∫
dΦ′2dΦ2C∗J(Φ′2)CI(Φ2)
∫
d4k′s
(2π)4
d4ks
(2π)4
(2π)4δ(4)(Φ2 − ks)
×〈I|(O′inO′outO′S,J)†|XtX1Xs〉〈XtX1Xs|(OinOoutOS,I)|I〉. (37)
As we mentioned before, different collinear sectors are decoupled due to field redefinition, and thus
the matrix element in Eq. (37) can be factorized into a product of several matrix elements, which
obey certain RG equations.
In the following, we further show the matrix elements mentioned above. First, we deal with the
top quark sector. Since we have decoupled the soft interaction by field redefinition, the top quark
now should be regarded as a noninteracting particle, which can be written as∑
Xt
∫
d4p′2
(2π)4
d4p2
(2π)4
〈0|he′γ′,v′(p′2)|Xt〉〈Xt|h¯eγ,v(p2)|0〉
=
∫
d3q
2Eq(2π)3
(q/+mt)γ′γδ
e′e, (38)
12
where summation over the final state |Xt〉 gives rise to a top quark phase space integral. Next, we
define the soft function by the soft matrix element as∫
dk+Sd
′e′c′f ′fced
JI (k
+, µ) =
1
N2c
∑
Xs
∫
dk+
d4k′s
(2π)4
d4ks
(2π)4
〈0|O†,d′e′c′f ′S,J (k′s)|Xs〉
〈Xs|OfcedS,I (ks)|0〉δ(k+ − n1 ·ks), (39)
where Nc is the number of colors and we have inserted into the above equation an identity operator
1 =
∫
dk+ δ[k+ − n1 ·ks], (40)
because of the constraint from Eq. (24), which expresses the multipole expansion of a soft field
interacting with a collinear field [46]. Note that the summation over a final state can be performed∑
Xs
|Xs(k′s)〉〈Xs(ks)| = (2π)4δ(4)(k′s − ks) since there is no restriction in the summation and also
there is no explicit dependence of the final states on |Xs〉. Since we are only interested in the cross
sections at large top quark pT , the final state top quark, jet function and PDFs can be considered
to be diagonal in color space. Then we can contract their color indices to obtain the soft function
matrix
SJI(k
+, µ) = δf
′fδc
′cδe
′eδd
′dSd
′e′c′f ′fced
JI (k
+, µ). (41)
At the LO, it can be written as
S(k+, µ) = δ(k+)
1
N2c
 C2A 0
0
C2A−1
4
 , (42)
where CA is the Casimir operator for the adjoint representation of SU(3)c. At the NLO, the
calculation of the soft function boils down to the evaluation of eikonal diagrams [46]. Since the
virtual corrections in SCET vanish, only real emission diagrams are needed to be evaluated. The
details of the calculation of these diagrams are given in Appendix A.
For the final state d-quark jet sector, we have∑
X1
∫
d4p′1
(2π)4
d4p1
(2π)4
〈0|χf ′δ′ (p′1)|X1〉〈X1|χ¯fδ (p1)|0〉
= δf
′f
∫
d4p1
(2π)3
(
n/1
2
)
δδ′
θ(p01)n¯1 · p1J(p21), (43)
where the summation over the collinear state has been performed and J is the spin- and color-singlet
jet function, defined as
θ(p0)n¯1 · pJ(p2) = 1
8πNc
∫
d4p′
(2π)4
Tr〈0|n¯/1χ(p′)χ¯(p)|0〉, (44)
13
where Tr represents the trace over spin and color indices. At LO, it is just δ(p2). Finally, the
initial state na collinear sector reduces to the conventional PDFs:∫
d4p′a
(2π)4
d4pa
(2π)4
〈Pa|χ¯c′α′(p′a)χcα(pa)|Pa〉 =
1
2Nc
δc
′c
∫ 1
0
dxa
xa
(
xaECM
n/a
2
)
αα′
fu/Pa(xa, µ) (45)
and similarly for the matrix element for nb direction. Thus the momenta of incoming partons are
given by pa(b) = xa(b)ECMna(b)/2.
Combining the above expressions, we obtain (up to power corrections)
σ =
∫
dxadxbdtˆduˆ
1
2sˆ
fi/Pa(xa, µ)fj/Pb(xb, µ)
dσˆthresij
dtˆduˆ
, (46)
with
dσˆthresij
dtˆduˆ
=
1
4N2c
1
8π
1
sˆ
λ0,ijHIJ(µ)
×
∫
dk+
∫
dp21 SJI(k
+, µ)J(p21, µ)δ(s4 − p21 − 2k+E1), (47)
and
λ0,ij = g
4|Vid|2|Vjt|2 (sˆ−m
2
t )sˆ
(tˆ−M2W )2
. (48)
All the objects in the factorized Eq. (46) have precise field-theoretic definitions so that they can be
calculated directly and systematically, except the nonperturbative PDF. The convolution between
the jet and soft functions suggests that the partonic threshold consists of two parts. In the case
of s4 = 0, there are no collinear or soft gluons emitted. In the small s4 region, the number and
momentum of collinear and soft gluons are constrained.
At the LO, the hard function HIJ is normalized to δI1δJ1. In general, it is related to the
amplitudes of the full theory, and is given by [49]
λ0,ijH
(0)
IJ =
1
〈cI |cI〉〈cJ |cJ 〉〈cI |M
(0)
ren〉〈M(0)ren|cJ〉,
λ0,ijH
(1)
IJ =
1
〈cI |cI〉〈cJ |cJ 〉
(
〈cI |M(1)ren〉〈M(0)ren|cJ 〉+ 〈cI |M(0)ren〉〈M(1)ren|cJ〉
)
, (49)
where |Mren〉 are obtained by subtracting the IR divergences in the MS scheme from the UV
renormalized amplitudes of the full theory.
Because of the special color structure of this process, the hard function matrix elements do not
contribute to the cross section except for H11 at the NLO level. In SCET, there is a RG evolution
factor connecting the hard scale µh and the final common scale µ, which would contain contributions
from nondiagonal elements beyond NLO. However, these nondiagonal contributions involve the
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gluon connecting two fermion lines, resulting in a suppressed color factor 1/N2c , compared to
diagonal ones. Thus, we expect their contributions are small and can be neglected safely. Then
the t-channel single top production is considered to be a double deep-inelastic-scattering (DDIS)
process [8]. In this case the hard function H11 can be further factorized into two parts, i.e., Hup
and Hdn, which represent contributions from the up and down fermion lines, respectively, in the
Feynman diagram as shown in Fig. 1. This separation is also helpful to make a reliable perturbative
prediction for the hard function. The reason is that usually the loop corrections from the up and
down fermion lines contain large logarithms of the forms ln(−tˆ/µ2h) and ln((−tˆ + m2t )/mt/µh),
respectively; see Eqs. (51)-(52). It is hard to choose a proper hard scale to make both of them
small. In the case of a DDIS process, the two separate hard parts can be evaluated in different
scales such that the perturbative expansion is reliable in both parts. As a consequence, we can
rewrite Eq. (47) as
dσˆthresij
dtˆduˆ
=
1
4N2c
1
8π
1
sˆ
λ0,ijHup(µ)Hdn(µ)
×
∫
dk+
∫
dp21 S(k+, µ)J(p21, µ)δ(s4 − p21 − 2k+E1), (50)
where S(k+, µ) denotes the component S11(k+, µ) in Eq. (41).
V. THE HARD, JET AND SOFT FUNCTIONS AT NLO
The hard, jet and soft functions describe interactions at different scales, and they can be calcu-
lated order by order in perturbative theory at each scale. At the next-to-next-to-leading logarithmic
accuracy, we need the explicit expressions of hard, jet and soft functions up to NLO.
A. Hard functions
The hard functions are the absolute value squared of the Wilson coefficients of the operators,
which can be obtained by matching the full theory onto SCET. In practice, we need to calculate
the one-loop on-shell Feynman diagrams of this process in both the full theory and SCET. In
dimensional regularization, the facts that the IR structure of the full theory and the effective
theory are identical and that the on-shell integrals are scaleless and vanish in SCET imply that
the IR divergence of the full theory is just the negative of the UV divergence of SCET. After
calculating the one-loop on-shell Feynman diagrams, as shown in Fig. 2, we get the hard functions
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FIG. 2: The one-loop Feynman diagrams for the t-channel single top production.
at NLO as follows:
Hup(µh,up) = 1 +
CFαs(µh,up)
4π
(
−2ln2 −tˆ
µ2h,up
+ 6ln
−tˆ
µ2h,up
+ cH,up1
)
, (51)
Hdn(µh,dn) = 1 +
CFαs(µh,dn)
4π
(
−4ln2−tˆ+m
2
t
µh,dnmt
+ 10ln
−tˆ+m2t
µh,dnmt
+ cH,dn1
)
, (52)
where
cH,up1 = −16 +
π2
3
, (53)
cH,dn1 = −
2
λ
ln(1− λ) + 2ln2(1− λ) + 6 ln(1− λ) + 4Li2(λ)− 12− π
2
6
+
2m2t uˆ
tˆ(sˆ−m2t )
ln
m2t
m2t − tˆ
, (54)
with λ = tˆ/(tˆ−m2t ). These results agree with those in Ref. [8]. In order to avoid large logarithms,
the natural choices of µh,up and µh,dn are
√
−tˆ and (−tˆ+m2t )/mt, respectively. The hard functions
at the other scales can be obtained by evolution of RG equations. The RG equations for hard func-
tions are governed by the anomalous-dimension matrix, the structure of which has been predicted
up to four-loop and two-loop level for the case involving massless [57] and massive partons [58],
respectively. In our case, we can write the RG equations for hard functions as
d
d lnµh,up
Hup(µh,up) =
(
2Γcusp ln
−tˆ
µ2h,up
+ 2γVup
)
Hup(µh,up), (55)
d
d lnµh,dn
Hdn(µh,dn) =
(
2Γcusp ln
−tˆ+m2t
µh,dnmt
+ 2γVdn
)
Hdn(µh,dn), (56)
where Γcusp is related to the cusp anomalous dimension of Wilson loops with lightlike segments [59],
while γVup and γ
V
dn control the single-logarithmic evolution. Their expressions up to two-loop level
are shown in Appendix B.
After solving the RG equations, we get the hard functions at an arbitrary scale µ:
Hup(µ) = exp
[
4S(µh,up, µ)− 2aVup(µh,up, µ)
]( −tˆ
µ2h,up
)−2aΓ(µh,up,µ)
Hup(µh,up), (57)
Hdn(µ) = exp
[
2S(µh,dn, µ)− 2aVdn(µh,dn, µ)
](−tˆ+m2t
µh,dnmt
)−2aΓ(µh,dn,µ)
Hdn(µh,dn), (58)
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where S(µh,up, µ) and a
V
up are defined as [60]
S(µh,up, µ) = −
∫ αs(µ)
αs(µh,up)
dα
Γcusp(α)
β(α)
∫ α
αs(µh,up)
dα′
β(α′)
, (59)
aVup(µh,up, µ) = −
∫ αs(µ)
αs(µh,up)
dα
γVup(α)
β(α)
. (60)
S(µh,dn, µ), aΓ and a
V
dn have similar expressions.
B. Jet function
The jet function J(p2, µ), defined in Eq. (43), describes a quark jet of invariant mass squared
p2. It is process independent and has been calculated at NLO in [43] and NNLO in [61]. The RG
evolution of the jet function is given by
dJ(p2, µ)
d lnµ
=
(
−2Γcusp ln p
2
µ2
− 2γJ
)
J(p2, µ) + 2Γcusp
∫ p2
0
dq2
J(p2, µ)− J(q2, µ)
p2 − q2 . (61)
This integro-differential evolution equation can be solved by using the Laplace transformed jet
function [25, 60]:
j˜(ln
Q2
µ2
, µ) =
∫ ∞
0
dp2 exp(− p
2
Q2eγE
)J(p2, µ), (62)
which satisfies the the RG equation
d
d ln µ
j˜(ln
Q2
µ2
, µ) =
(
−2Γcusp ln Q
2
µ2
− 2γJ
)
j˜(ln
Q2
µ2
, µ). (63)
Then the jet function at an arbitrary scale µ is given by
J(p2, µ) = exp
[−4S(µj, µ) + 2aJ (µj, µ)]j˜(∂ηj , µj) 1p2
(
p2
µ2j
)ηj
e−γEηj
Γ(ηj)
, (64)
where ηj = 2aΓ(µj , µ). The µ-dependent part of the Laplace transformed jet function j˜(L, µ) is
determined by the anomalous dimensions of the jet function as in Eq. (63), while the µ-independent
part can only be obtained by a fixed-order calculation. At NLO, it is
j˜(L, µ) = 1 +
αs
4π
(
Γ0
2
L2 + γJ0 L+ c
J
1
)
, (65)
with cJ1 =
(
7− 23π2
)
CF .
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FIG. 3: Nonvanishing diagrams contributing to the soft function at NLO. The contributions from the left
and right diagrams are denoted as S
(1)
bt and S
(1)
tt , respectively.
C. Soft function
The soft function S(k+, µ), defined in Eq. (39), describes soft interactions between all colored
particles. It can be calculated in SCET or in the full theory in the eikonal approximation. The
LO soft function is given in Eq. (42). At NLO, we only need to calculate the nonvanishing real
emission diagrams in dimensional regularization, as shown in Fig. 3, which give
S
(1)
bt (k, µ) =
2g2sCFµ
2ǫ
(2π)d−1
1
2
∫ ∞
0
dq+
∫ ∞
0
dq−
∫
dd−2q⊥δ(q
+q− − q2⊥)δ(k − n1 · q)
nb · v
(q · nb)(q · v) , (66)
and
S
(1)
tt (k, µ) =
−g2sCFµ2ǫ
(2π)d−1
1
2
∫ ∞
0
dq+
∫ ∞
0
dq−
∫
dd−2q⊥δ(q
+q− − q2⊥)δ(k − n1 · q)
1
(q · v)2 , (67)
respectively. After calculating these integrals by the approach of Ref. [46], we get
S
(1)
bt (k, µ) =
2CFαs
4π
{
4
[
ln kµ˜
k
][k,µ˜]
⋆
+ δ(k)cSbt
}
,
and
S
(1)
tt (k, µ) =
2CFαs
4π
{
−
[
2
k
][k,µ˜]
⋆
+ δ(k)cStt
}
, (68)
respectively, where µ˜ = µ/
√
(2nbb¯)/n
+2
1 = (µ(−uˆ)mt)/(2(−tˆ + m2t )E1). The detail of our calcu-
lations and explicit expressions of cSbt and c
S
tt are given in Appendix A. The star distribution is
defined as [39]
[f(x)][x,a]⋆ = f(x) for x > 0 (69)∫ a
0
dx [f(x)][x,a]⋆ g(x) =
∫ a
0
dxf(x) [g(x)− g(0)] . (70)
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And the soft function S(k, µ) = Sbt(k, µ) + Stt(k, µ), similar to the jet function, satisfies the RG
equation
d
d ln µ
S(k, µ) =
[
−2Γcusp ln k
µ˜
+ 2γS
]
S(k, µ) + 2Γcusp
∫ k
0
dk′
S(k, µ)− S(k′, µ)
k − k′ . (71)
The solution to this equation is
S(k, µ) = exp[−2S(µs, µ)− 2aS(µs, µ)]s˜(∂ηs , µs)1k
(
k
µ˜s
)ηs e−γEηs
Γ(ηs)
, (72)
where ηs = 2aΓ(µs, µ). The Laplace transformed soft function s˜(L, µ) at NLO is given by
s˜(L, µ) = 1 +
αs
4π
(
Γ0L
2 − 2γS0 L+ cS1
)
, (73)
with cS1 = (2c
S
bt + 2c
S
tt +
2π2
3 )CF .
D. Scale independence
In the factorization formalism, we have introduced the hard function, jet function and soft
function. Each of them is evaluated at a scale to make the perturbative expansion reliable, and
then evolved to a common scale. Therefore, it is important to check the scale independence of the
final results. If we expand the exponent in Eq. (57), then we can find that the dependencies on
the intermediate scale µh,up cancel each other up to O(αs). The same situation happens for µh,dn
in Eq. (58). The case for the jet scale is more complicated due to the partial derivative operator
and the delta function after we use the expansion
1
p2
(
p2
µ2j
)ηj
=
δ(p2)
ηj
+
[
1
p2
][p2,µ2j ]
⋆
+ ηj
[
ln(p2/µ2j )
p2
][p2,µ2j ]
⋆
+O(η2j ). (74)
We point out that the scale independence happens for the jet function only in the sense of the
integration over p2. The case for the soft scale is the same as for the jet scale.
After checking the intermediate scale independence, we discuss the case for the final common
scale. Recalling the hadronic threshold definition in Eq. (23) and the cross section near the
threshold in Eq. (50), we have
dσ
dS4dy
∝
∫
dxadxb
∫
dp21
∫
dk+
1
sˆ
fi/Pa(xa, µ)fj/Pb(xb, µ)Hup(µ)Hdn(µ)
J(p21, µ)S(k
+, µ)δ(S4 − (−tˆ)(1− xa)− (−uˆ)(1 − xb)− p21 − 2k+E1), (75)
where we have changed the integration variables dtˆduˆ to dp2Tdy and then to dS4dy. From this
equation, we can see clearly the connection between the threshold region of the whole system,
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represented by S4, and those of the parts of the system, represented by (1 − xa), (1 − xb), p21 and
k+, respectively. To change the convolution form to a simpler product form, we apply the Laplace
transformation to the above equation and obtain
dσ˜
dQ2dy
=
∫ ∞
0
dS4 exp
(
− S4
Q2eγE
)
dσ
dS4dy
. (76)
The Laplace transformed jet function and its RG evolution are given in Eq. (62) and Eq. (63).
Here, for convenience, we write its RG equation again as
d
d ln µ
j˜(ln
Q2
µ2
, µ) =
(
−2Γcusp ln Q
2
µ2
− 2γJ
)
j˜(ln
Q2
µ2
, µ). (77)
The Laplace transformed soft function is similar to the jet function, but its RG equation is
d
d lnµ
s˜(ln
Q2(−tˆ+m2t )
µ(−uˆ)mt , µ) =
(
−2Γcusp ln Q
2(−tˆ+m2t )
µ(−uˆ)mt + 2γ
S
)
s˜(ln
Q2(−tˆ+m2t )
µ(−uˆ)mt , µ). (78)
The Laplace transformed PDF near the endpoint is given by
f˜i/P (τ, µ) =
∫ 1
0
dx exp
(
−1− x
τeγE
)
fi/Pa(x, µ), (79)
which satisfies the RG equation
d
d lnµ
f˜i/P (τ, µ) =
(
2Γcusp ln(τ) + 2γ
φ
)
f˜i/P (τ, µ). (80)
Due to the delta function in Eq. (75), the variables τa,b in the Laplace transformed PDF are given
by
τa =
Q2
−tˆ for f˜i/Pa(τa, µ), and τb =
Q2
−uˆ for f˜j/Pb(τb, µ). (81)
For completeness, we also need the RG equations for the hard functions which have been given by
Eq. (55) and Eq. (56). We rewrite them as
d
d lnµ
Hup(µ) =
(
2Γcusp ln
−tˆ
µ2
+ 2γVup
)
Hup(µ), (82)
d
d lnµ
Hdn(µ) =
(
2Γcusp ln
−tˆ+m2t
µmt
+ 2γVdn
)
Hdn(µ). (83)
So far, we can check the scale independence of the final results. Using the relation between
anomalous dimensions given in Eq. (B6), we can immediately obtain
d
d lnµ
[
f˜i/Pa(τa, µ)f˜j/Pb(τb, µ)Hup(µ)Hdn(µ)j˜(ln
Q2
µ2
, µ)s˜(ln
Q2(−tˆ+m2t )
µ(−uˆ)mt , µ)
]
= 0. (84)
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Even more precisely, we have
d
d lnµ
[
f˜i/Pa(τa, µ)Hup(µ)j˜(ln
Q2
µ2
, µ)
]
= 0,
d
d lnµ
[
f˜j/Pb(τb, µ)Hdn(µ)s˜(ln
Q2(−tˆ+m2t )
µ(−uˆ)mt , µ)
]
= 0. (85)
This means that if we evolve the scales of Hup and the jet function to the factorization scale of
the light quark line µF,up, then the final results should not depend on µF,up. And if we evolve the
scales of Hdn and the soft function to the factorization scale of the heavy quark line µF,dn, then
the final results should not depend on µF,dn. Actually, the relationships between the anomalous
dimensions given in Eq. (B6) are determined by these requirements.
E. Final RG improved differential cross section
After combining the hard, jet and soft functions together, we obtain the resummed differential
cross section for t-channel single top production
dσˆthres
dtˆduˆ
=
∑
ij
λ0,ij
64πN2c sˆ
2
exp
[
4S(µh,up, µF,up)− 2aVup(µh,up, µF,up)
]( −tˆ
µ2h,up
)−2aΓ(µh,up,µF,up)
Hup(µh,up)
exp
[
2S(µh,dn, µF,dn)− 2aVdn(µh,dn, µF,dn)
](−tˆ+m2t
µh,dnmt
)−2aΓ(µh,dn,µF,dn)
Hdn(µh,dn)
exp
[−4S(µj, µF,up) + 2aJ(µj , µF,up)]
(
m2t
µ2j
)ηj
exp
[−2S(µs, µF,dn)− 2aS(µs, µF,dn)](mt(−tˆ+m2t )
µs(−uˆ)
)ηs
j˜(∂η + Lj , µj)s˜(∂η + Ls, µs)
1
s4
(
s4
m2t
)η e−γEη
Γ(η)
, (86)
where η = ηj+ηs and Lj = ln(m
2
t /µ
2
j), Ls = ln[mt(−tˆ+m2t )/µs(−uˆ)]. In the above expression, the
hard function Hup and jet function (Hdn and soft function) have been evolved to the scale µF,up
(µF,dn). It seems that the t-channel single top production is factorized as two DIS processes. How-
ever, the convolution of the jet and soft functions, now expressed in terms of the partial derivative
operator acting on the same kernel function, violates this simple factorization and connects the
two DIS processes nontrivially.
If we set scales µh,up, µh,dn, µj, µs equal to the common scale µ, which is conveniently chosen as
the factorization scale µF,up = µF,dn = µF , then we recover the threshold singular plus distributions,
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which should appear in the fixed-order calculation. Up to order α2s, we have(
λ0,ij
64πN2c sˆ
2
)−1 dσˆthresij
dtˆduˆ
= δ(s4) +
αs
4π
{
A2D2 +A1D1 +A0δ(s4)
}
+
(
αs
4π
)2{
B4D4 +B3D3 +B2D2 +B1D1 +B0δ(s4)
}
, (87)
where
Dn =
[
lnn−1(s4/m
2
t )
s4
]
+
. (88)
The An and Bn coefficients are given by
A2 = 3Γ0, (89)
A1 = (Lj + 2Ls)Γ0 + γ
J
0 − 2γS0 , (90)
A0 =
(
−1
2
L2h,up − L2h,dn +
1
2
L2j + L
2
s −
π2
4
)
Γ0 − γVup,0Lh,up − 2γVdn,0Lh,dn + γJ0 Lj − 2γS0 Ls
+cH1 + c
J
1 + c
S
1 , (91)
B4 =
A22
2
, (92)
B3 =
9
2
A1Γ0 − 5
2
β0Γ0, (93)
B2 = A
2
1 +A2A0 −
3π2
2
Γ20 − β0Γ0(Lj + 4Ls)− β0(γJ0 − 4γS0 ) + 3Γ1, (94)
B1 = A1
(
A0 − π
2
2
Γ0
)
+ 9ζ3Γ
2
0 − β0Γ0
(
1
2
L2j + 2L
2
s −
5
12
π2
)
− β0(cJ1 + 2cS1 + γJ0 Lj − 4γS0 Ls)
+γJ1 − 2γS1 + Γ1(Lj + 2Ls), (95)
where ζ3 = 1.20206 · · · , Lh,dn = ln[(−tˆ+m2t )/µmt], Lh,up = ln(−tˆ/µ2) and cH1 = cH,up1 + cH,dn1 . We
find that A2,1, B4,3,2 and the scale-dependent parts of A0 and B1 agree with the results in Ref. [20]
with the replacement tˆ(uˆ)→ tˆ(uˆ)−m2t due to the different definition of s4 there.
To give precise predictions, we resum the singular terms to all orders and include the nonsingular
terms up to NLO. We obtain the final RG improved differential cross section
dσˆResum
dtˆduˆ
=
dσˆthres
dtˆduˆ
+
(
dσˆNLO
dtˆduˆ
− dσˆ
thres
dtˆduˆ
) ∣∣∣
expanded to NLO
. (96)
Near the threshold regions, the expansion of the resummed result approaches the fixed-order one
so that the second term in the above equation almost vanishes and the threshold contribution
dominates. In the regions far from the threshold limit, the resummation effect is not important
and the final result is mainly determined by the fixed-order calculations.
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FIG. 4: The Feynman diagrams for the single top production via the fusion of a W boson and a bottom
quark.
VI. NUMERICAL DISCUSSION
In this section, we discuss the numerical results for threshold resummation effects on t-channel
single top production at the Tevatron (
√
s = 1.96 TeV) and the LHC (
√
s = 8 TeV). The top quark
mass is chosen as mt = 173.2 GeV [62] and the rapidity is integrated over −2.4 < y < 2.4 if not
specified explicitly. For the W boson mass we take MW = 80.4 GeV. We set the Fermi constant
to be GF = 1.1664 × 10−5 GeV−2. The CKM matrix is given by
VCKM =

0.9751 0.2215 0.0035
0.2210 0.9743 0.0410
0 0 1
 (97)
Throughout the numerical calculations, we use the MSTW2008nnlo PDF sets and associated strong
coupling constant. The factorization scales are set at mt unless specified otherwise. There are four
other scales, i.e., µh,up, µh,dn, µj , µs, introduced in the factorization formalism. They should be
properly chosen so that the corresponding hard functions, jet function and soft function have
stable perturbative expansions. In order to achieve this aim, each function should not contain
large logarithms. From Eqs. (51)-(52), we can see that if we choose µh,up = Q =
√
−tˆ and
µh,dn = (Q
2 + m2t )/mt, then the large logarithms disappear. Also as discussed below Eq. (49),
if we combine the two hard functions blindly, we cannot choose a proper hard scale to eliminate
all the large logarithms simultaneously. This is due to the fact that intrinsically the W boson
connects interactions at different scales. We can take another viewpoint on the t-channel single
top production and consider it to be a fusion process, as shown in Fig. 4. An initial state up
quark emits a W boson, which then combines with a bottom quark to produce a single top quark.
The production of the W boson is similar to a DIS process and there is no specific constraint on
the virtuality of the W boson. But when it coannihilates with a bottom quark, the mass of final
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FIG. 5: The contributions from jet and soft functions to the NLO cross section.
state top quark impose constraints on the ‘initial’ W boson. As a result, the typical scales of the
interactions involving the light quarks and top quarks are Q and mt, respectively, which are just
about the natural hard scales.
For the jet and soft scales, the situations are not so clear. After inspection of Eqs. (64)-(65) and
(72)-(73), one finds that the natural jet and soft scales should be
√
p2 and 2kE1(−tˆ+m2t )/(−uˆ)/mt,
respectively. But these two scales are not directly connect to the integration variables in Eq. (25).
Moreover, they can become so small that the strong coupling constants in the jet and soft functions
would diverge. Therefore, in practice, we choose the natural jet and soft scales numerically. In
Fig. 5, we show the contributions to the NLO cross section from jet and soft functions separately
without including the RG evolution effects. We have fixed the top quark transverse momentum
to be pT = 20, 60, 100 GeV and change the jet (soft) scale from 5 GeV to 100 GeV. It is required
that the perturbative expansions of the jet and soft functions converge fast. Thus, we choose the
jet and soft scales as 80 GeV and 50 GeV, respectively. When giving the final RG improved cross
sections, we will investigate the scale uncertainties due to these choices. From Fig. 5, we can also
see that the jet and soft functions give positive contributions to the NLO cross sections, and can
be as large as about 20% and 40%. To see the corrections from hard functions, in Fig. 6, we show
the contributions to the NLO cross section from hard functions. We find that the hard functions
provide negative contributions to the NLO cross sections and the corrections are about −15% for
µh,up = Q and µh,dn = (Q
2 +m2t )/mt.
Before presenting the numerical results for the RG improved cross section, it is important
to examine to what extent the singular terms approximate the fixed-order calculation. In Fig.
7, we present the singular terms contribution and fixed-order cross sections. We see that the
NLO cross section is well approximated by the singular terms when the top quark transverse
momentum pT is larger than 50 (70) GeV at the Tevatron (LHC). Therefore, the singular terms
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FIG. 6: The contributions from hard functions to the NLO cross section.
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FIG. 7: The singular terms contribution and fixed-order cross sections for t-channel single top production
at the Tevatron (left) and the LHC (right). The dashed line represents the contributions from the singular
terms up to O(αs) which is given in Eq. (87).
should be resummed for the large pT region. For the small pT region, the singular terms do not
dominate the NLO corrections, so there is no need to perform resummation in this region. In the
following discussion, we will only present the resummation results for pT > 50 (70) GeV at the
Tevatron (LHC). Meanwhile we find that the NLO QCD correction is small for t-channel single top
production. This is because the large positive soft and jet functions cancel with the large negative
hard functions, as discussed in the last paragraph. If these large effects are resummed to higher
orders, we can see whether there is still a cancellation between them.
We have chosen all the natural scales involved in this process. Now we give the numerical
results of the resummed cross section. When discussing each scale dependence, we fix the other
scales at the natural scales discussed above. In Fig. 8, we show the RG improved cross sections as
a function of the top quark pT . We can see that the distribution is increased by about 9 ∼ 13%
and 4 ∼ 9% for pT > 50 and 70 GeV at the Tevatron and LHC, respectively, compared to the
NLO results. In Fig. 9, we give the uncertainties of the resummation results due to the change of
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FIG. 8: The RG improved (dashed) and fixed-order cross sections for t-channel single top production at the
Tevatron (left) and the LHC (right). We have defined δσResum = dσResum − dσNLO.
intermediate scales µh,up, µh,dn, µj, µs independently by a factor of two. The uncertainties arising
from µh,up, µh,dn and µj are less than ±1%, and for µs are about ±2%. In Fig. 10, we show the
scale uncertainties of the resummation results due to the variations of µF,dn and µF,up by a factor
of two, and do not see scale uncertainties are decreased, compared to the NLO results. In principle,
the scale uncertainties should vanish, as illustrated analytically in the last section. However, the
analysis there is based on the assumption that the PDF is evaluated near the endpoint. But in
practice, this is not always true because the center-of-mass energy of the Tevatron or LHC is much
larger than the invariant mass of the final states. And the dynamical enhancement mechanism [28]
is not appropriate for a t-channel process. On the other hand, when approaching the threshold
region, i.e., with the increasing of the top quark pT , the scale uncertainties of the resummed cross
sections are significantly reduced, as shown in Fig. 10.
VII. CONCLUSION
We have studied the factorization and resummation of t-channel top quark transverse momen-
tum distribution at large pT in the SM at both the Tevatron and the LHC with SCET. This is the
first spacelike process studied in SCET involving one massless and one massive colored particles
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FIG. 9: The scale uncertainties of the resummation results due to the variations of µh,up, µh,dn, µj , µs,
respectively.
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FIG. 10: The scale uncertainties due to the variations of µF,dn (left) and µF,up (right), respectively. The
bands in each plots from top to bottom denote the resummation, NLO and LO results, respectively.
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in the final states. The cross section in the threshold region can be factorized into a convolution
of hard, jet and soft functions. In particular, we first calculate the NLO soft functions for this
process, and give a RG improved cross section by evolving the different functions to a common
scale. Our results show that the resummation effects increase the NLO results by about 9% ∼ 13%
and 4% ∼ 9% when the transverse momentum of the top quark is larger than 50 and 70 GeV
at the Tevatron and the 8 TeV LHC, respectively. Our prediction on the transverse momentum
distribution of the top quark in the large pT region is important in the search for new physics, e.g.,
a heavy W ′ which can mediate the single top production through the s-channel. Also, we discuss
the scale independence of the cross section analytically and show how to choose the proper scales
at which the perturbative expansion can converge fast.
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Appendix A: Calculation of the soft functions
In this appendix, we present the details of the calculation of the two O(αs) soft functions
S
(1)
bt (k, µ) and S
(1)
tt (k, µ). We choose to do the calculation in the rest frame of the top quark, in which
the four-velocity of the top quark is vµ = (1, 0, 0, 0). This choice of frame makes the denominators
simple but leaves the complexity in the delta functions. Actually, we also perform the calculation
in the frame where the delta functions are simple but the singularities in the denominators are
hard to isolate [63]. And finally we find the same results, which can be considered as a strong cross
check for our calculations.
In the rest frame of the top quark, we also choose nµb = (1, 0, 0, 1). Then,
qµ = q+
n¯µb
nbb¯
+ q−
nµb
nbb¯
+ qµ⊥, n
µ
1 = n
+
1
n¯µb
nbb¯
+ n−1
nµb
nbb¯
+ nµ1⊥, (A1)
and
q · n1 = q
+n−1 + q
−n+1
nbb¯
− |q⊥||n1⊥| cos θ, q · v = q · (nb + nb¯)
2
=
(q+ + q−)
2
. (A2)
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After putting these expressions into the formula (66), we get
S
(1)
bt (k, µ) =
g2sCFµ
2ǫ
(2π)d−1
∫ ∞
0
dq+
∫ ∞
0
dq−
∫
dΩd−2
(
2q+q−
nbb¯
)−ǫ
δ(k − q
+n−1 + q
−n+1
nbb¯
+ |q⊥||n1⊥| cos θ) nb · v
q+(q+ + q−)
. (A3)
Now redefine the integration variables q+ and q− and let a =
n+
1
n−
1
, then
S
(1)
bt (k, µ) =
g2sCFµ
2ǫ
(2π)d−1
∫ ∞
0
dq+
∫ ∞
0
dq−
∫
dΩd−2
(
2nbb¯
n+1 n
−
1
)−ǫ
δ(k − q+ − q− + 2
√
q+q− cos θ)
nb · v
q+(aq+ + q−)
. (A4)
Introducing two variables x and y such that q+ = kyx and q− = ky(1− x) = kyx¯,
S
(1)
bt (k, µ) =
g2sCFµ
2ǫ
(2π)d−1
(
2nbb¯
n+1 n
−
1
)−ǫ
k−1−2ǫ
∫
dΩd−2
∫ 1
0
dxx−1−ǫ
(1− 2√xx¯ cos θ)2ǫx¯−ǫ
ax+ x¯
. (A5)
The singularity in the integrand can be isolated by
x−1−ǫ = −1
ǫ
δ(x) +
(
1
x
)
+
− ǫ
(
lnx
x
)
+
+O(ǫ2). (A6)
After completing the above three parts of the integration separately and expanding
1
k+
(
µ˜
k+
)2ǫ
= − 1
2ǫ
δ(k+) +
[
1
k+
][k+,µ˜]
⋆
− 2ǫ
[
1
k+
ln
k+
µ˜
][k+,µ˜]
⋆
+O(ǫ2), (A7)
we get the divergent and finite parts
S
(1)
bt,div(k, µ) =
2CFαs(4πµ
2e−γE )ǫ
4π
{
δ(k)
ǫ2
− 2
ǫ
[
1
k
][k,µ˜]
⋆
}
, (A8)
S
(1)
bt,fin(k, µ) =
2CFαs
4π
{
4
[
ln kµ˜
k
][k,µ˜]
⋆
+ δ(k)cSbt
}
, (A9)
with cSbt = −ln2(1 + 1a)− 2Li2( 11+a) + π
2
12 .
In the same method, we can get
S
(1)
tt,div(k, µ) =
2CFαs(4πµ
2e−γE )ǫ
4π
{
δ(k)
ǫ
}
, (A10)
S
(1)
tt,fin(k, µ) =
2CFαs
4π
{
−
[
2
k
][k,µ˜]
⋆
+ δ(k)cStt
}
, (A11)
with cStt = 2ln(1 +
1
a).
When performing the Laplace transformation from S(k, µ) to s˜(L, µ), we use the following
replacements: [
ln kµ
k
][k,µ]
⋆
→ L
2
2
+
π2
12
, (A12)[
1
k
][k,µ]
⋆
→ L. (A13)
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Appendix B: anomalous dimensions
The various anomalous dimensions needed in our calculations can be found, e.g., in [28, 46, 60].
We list them below for the convenience of the reader. The QCD β function is
β(αs) = −2αs
[
β0
αs
4π
+ β1
(αs
4π
)2
+ · · ·
]
, (B1)
with expansion coefficients
β0 =
11
3
CA − 4
3
TFnf ,
β1 =
34
3
C2A −
20
3
CATFnf − 4CFTFnf ,
β2 =
2857
54
C3A +
(
2C2F −
205
9
CFCA − 1415
27
C2A
)
TFnf +
(
44
9
CF +
158
27
CA
)
T 2Fn
2
f , (B2)
where CA = 3, CF = 4/3, TF = 1/2 for QCD, and nf is the number of active quark flavors.
The cusp anomalous dimension is
Γcusp(αs) = Γ0
αs
4π
+ Γ1
(αs
4π
)2
+ · · · , (B3)
with
Γ0 = 4CF ,
Γ1 = 4CF
[(
67
9
− π
2
3
)
CA − 20
9
TFnf
]
,
Γ2 = 4CF
[
C2A
(
245
6
− 134
27
π2 +
11
45
π4 +
22
3
ζ3
)
+ CATFnf
(
−418
27
+
40
27
π2 − 56
3
ζ3
)
+CFTFnf
(
−55
3
+ 16ζ3
)
− 16
27
T 2Fn
2
f
]
. (B4)
The other anomalous dimensions are expanded as Eq. (B3), and their expansion coefficients are
γ0q = −3CF ,
γ1q = C
2
F
(
−3
2
+ 2π2 − 24ζ3
)
+ CFCA
(
−961
54
− 11
6
π2 + 26ζ3
)
+ CFTFnf
(
130
27
+
2
3
π2
)
,
γ0Q = −2CF ,
γ1Q = CFCA
(
2
3
π2 − 98
9
− 4ζ3
)
+
40
9
CFTFnf ,
γ0φ = 3CF ,
γ1φ = C
2
F
(
3
2
− 2π2 + 24ζ3
)
+ CFCA
(
17
6
+
22
9
π2 − 12ζ3
)
− CFTFnf
(
2
3
+
8
9
π2
)
,
γ0j = −3CF ,
γ1j = C
2
F
(
−3
2
+ 2π2 − 24ζ3
)
+ CFCA
(
−1769
54
− 11
9
π2 + 40ζ3
)
+CFTFnf
(
242
27
+
4
9
π2
)
. (B5)
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γVup, γ
V
dn and γ
S can be obtained from the anomalous dimensions above through the following
equations:
γVup = 2γq,
γVdn = γq + γQ,
γS = −γφ − γVdn. (B6)
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